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Abstract

We relate the structure of the Bloch-Kato groups associated with

a de Rham Galois representation over a perfectoid field to the Galois
theory of the ring B}; of p-adic periods. As an application, we answer
the question raised by Coates and Greenberg and motivated by Iwasawa
theory to compute the Bloch-Kato groups over perfectoid fields in new
cases, generalising results of Coates and Greenberg and the author. Our
method relies on the classification of vector bundles over the Fargues—
Fontaine curve.
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1 Introduction

The present article is concerned with the question raised by Coates and
Greenberg [8, p. 131] and motivated by Iwasawa theory to compute the
Bloch-Kato groups associated with a de Rham Galois representation over a
perfectoid field. The purpose of the present article is to answer Coates and
Greenberg’s question in new cases, generalising the results and the method
of the article [29].

1.1 Motivation

Let p be a prime number. Let Qp be an algebraic closure of the field Q,
of p-adic numbers. Let K be a finite extension of Q,, contained in Q,. We
denote by Gx = Gal(Q,/K) the absolute Galois group of K. Let V'be a p-adic
representation of Gy, that is, a finite dimensional Q,-vector space equipped
with a continuous and Qp-linear action of Gk, and let T be a Zp-lattice inVv
stable under the action of Gg.

Bloch and Kato [3] have defined subgroups in Galois cohomology using
p-adic Hodge theory (see §6.1)

He(K,V/T) C Hy(K,V/T) C Hg(K, V/T) C H'(K, V/T),

which are involved in their conjecture on the special values of L-functions
of motives [15].



Let L be an algebraic extension of K contained in Qp. For each * €
{e, f, g}, we consider the group

HL(L,V/T) = lim HA(K', V/T),

res,K’

where K’ runs over all the finite extensions of K contained in L, and the
transition morphisms are the restriction maps. The Bloch-Kato subgroups
thus defined

He(L,V/T) C HY(L,V/T) C Hy(L,V/T) C H'(L,V/T)

are involved in the Iwasawa main conjecture for motives [7, 20].

Coates and Greenberg [8, p. 131] have raised the question motivated by
Iwasawa theory to compute the Bloch-Kato groups when the completion L
of L for the p-adic valuation topology is a perfectoid field [30, §3]. In par-
ticular, if L is a perfectoid field, then Coates and Greenberg have computed
the Bloch-Kato groups when T is the p-adic Tate module associated with
an abelian variety A defined over K (see Remark 1.2.5), in which case [3,
Example 3.11] V/T is the group of p-power torsion points A[p*] of A, and
the Bloch-Kato groups are all equal and coincide with the image of the
Kummer map

A(L) ®z Qp/Z, — H'(L A[p™).

We refer the reader to the introduction of the articles [8, 27, 29] and the
references therein for more details about this question, its history and its mo-
tivation from Iwasawa theory which can be traced back to the foundational
article [26] by Mazur.

Remark 1.1.1. Coates and Greenberg [8] use the notion, which they have
introduced, of deeply ramified extensions. Recall that the extension L/K is
deeply ramified if and only if the field L is perfectoid (see [30, Remark 3.3]
or [24, Lemma 2.21]).
Remark 1.1.2. Let T*(1) = Hornzp(T, Z,(1)) be the Tate dual representation
of T. Let
Hi,(K,L,T* 1) = lim H'(K',T*(1)

cores,K’
be the first Iwasawa cohomology group of the extension L/K with coefficients
in T*(1) ,where K’ runs over all the finite extensions of K contained in L, and
the transition morphisms are the corestriction maps. For each * € {e, f, g},
the Bloch-Kato groups are compatible under the corestriction maps and the
modules of universal norms associated with T*(1) in the extension L/K are
defined by

Hiw(K, L, T*() = lim HL(K', T*(1).
cores, K’

Local Tate duality induces a perfect pairing
H'(L,V/T) X H, (K, L, T*(1)) > Qu/Z,.
If Vis de Rham, then under local Tate duality (see §6.2) the groups

Hy(L, V/T) C HY(L,V/T) C Hy(L, V/T) (1.1.1)



are respectively the orthogonal complements of the modules of universal
norms

Hl, (K, L, T*(1)) 2 Hi, ;(K,L, T*(1)) 2 Hi, o(K,L, T*(1)).  (1.1.2)

To compute the Bloch-Kato groups (1.1.1) is therefore equivalent to compute
the modules of universal norms (1.1.2).

1.2 Main results

We will first prove the following relation between the Bloch-Kato groups.
We consider the group H'(L, V/T) and its subgroups as discrete Z,-modules.
Recall that the Pontryagin dual of a discrete Z,-module M is the compact
Z,-module Homzp (M, Q,/Zp).

Proposition 1.2.1. If V'is de Rham, then the Pontryagin dual of the quotient
Hg(L, V/T)/ He(L, V/T)
is a free Z,,-module of finite rank bounded independently of L.

From the perspective of Iwasawa theory, the Bloch-Kato groups are thus
closely related with each other, and it is therefore enough to study one of
them. We study the exponential Bloch-Kato group H.(L, V/T).

We need the following notation to state the main result of the present
article.

« The definition of the Bloch-Kato groups (see §6.1) involves the field of
p-adic periods By and subrings of By introduced by Fontaine [16].
In particular, the natural filtration (Fil" Bgg),ez on Bag induces an
decreasing separated and exhaustive filtration by subgroups

(Fil" Hy(L, V/T))pez
on the exponential Bloch-Kato groups Hg(L, V/T).

« LetB}; = Fil° By be the ring of p-adic periods, and for each integer
n > 1,let B, = BJ/Fil" Bgz. Recall that B}, is endowed with a
canonical topology and a continuous action by Gx which induces a
structure on each By, of Q,-Banach space equipped with a continuous
and Qp-linear action by Gk. Recall also that Q,, can be identified with
a subfield of B;R, and we have Qp C B,,. In particular, there is an

inclusion L C BSL, and we consider BSL endowed with the subspace
topology from B,,.

« If Vis de Rham, then, for each integer n > 1, we denote by V<0->" the
maximal quotient representation of V whose Hodge-Tate weights are
all in the set Z \ [1, n], and by T<%>" the image of T in V<%>", The
quotient map V/T — V=<0->"/T<0->" induces a morphism

Ton * H'(L,V/T) - H'(L, V=0>n/T<0>n),



Note that if the Hodge—Tate weights of V are all < n, then the repres-
entation V<%>" is the maximal quotient representation of ¥ whose
Hodge-Tate weights are all < 0, and we then simply denote the repres-
entation V=0->" by V=0, the lattice T<%>" by T<°, and the map 7 ,,

by
m : HY(L,V/T) = H'(L, V=0/T=°),

The main result of the present article is then the following.

Theorem 1.2.2. Letn > 1bean integer. If Vis de Rham and if L is a perfectoid
field such that L is dense in BgL, then the map m ,, induces an isomorphism

HY(L,V/T)/Fil " HLX(L, V/T) = H(L, V=0>1/T<0>n),

From Theorem 1.2.2, we then obtain the following descriptions of the
full exponential Bloch-Kato group.

Corollary 1.2.3. Let n > 1 be an integer. Assume that V is de Rham and that
L is a perfectoid field such that L is dense in BSL.

1. If the quotient representation V<C>" is trivial, then

H(L,V/T) =HYL,V/T).

2. If the Hodge-Tate weights of V are all < n, then the map 7, induces an
isomorphism
HYL,V/T)/HX(L,V/T) = HL, V=0/T=0),

Theorem 1.2.2 therefore relates the structure of the Bloch-Kato groups
over perfectoid fields to the Galois theory of the ring BJ; of p-adic periods.

Example 1.2.4. We recall results about the density of L in BgL.
1. Colmez [9, 11] has proved that Qp is dense in BY;.

2. If L is not a perfectoid field, then Iovita and Zaharescu [22, The-
orem 0.1] have proved that, for each n € N, there are isomorphisms

(Bj)C: = By = L.
Hence, if the field L. not perfectoid, then L is dense in (B;{R)GL.

3. Let C, be the completion of Qp for the p-adic valuation topology.
Recall that there exists an isomorphism B, =» C, of p-adic Banach
representations of Gg. By the Ax-Sen-Tate theorem [33], there are
isomorphisms

GrL o, ¢GL o, 7
Bi" = Cpt = L.

Hence, the field L is always dense in BlGL.



4. If L/K is an infinitely ramified Z,-extension, then the field L is per-

fectoid, and Berger [2] has proved that L is not dense in BE;L. The case
of the cyclotomic Zy,-extension has also been proved by Colmez [22,
Proposition 8.2].

5. If L = K(p"/P™) is the extension generated over K by all the p-power
roots of p, then the field L is perfectoid, and Iovita and Zaharescu [22,
Corollary 8.1] have proved that L is not dense in BE;L.

6. Letm > 2. If K = Qpm is the unique unramified extension of Q, of
degree m and if L = K? is the maximal abelian extension of K, then
the field L is perfectoid, and Iovita and Zaharescu [22, Corollary 8.2]
have proved that L is dense in BfL.

Iovita and Zaharescu end their article [22] with open problems concerning
the Galois theory of B};.

Remark 1.2.5. By the Ax-Sen-Tate theorem, Theorem 1.2.2 and Corol-
lary 1.2.3 holds for any perfectoid field L in the case n = 1. In particular,
the point 2 of the Corollary 1.2.3 in the case n = 1 is the main result of the
article [29] and a generalisation of the aforementioned theorem by Coates
and Greenberg [8] for abelian varieties. Indeed, recall [33, 14] that the ra-
tional p-adic Tate module V,(A) associated with an abelian variety A defined
over K is a de Rham p-adic representation of Gx whose Hodge-Tate weights
are all in [0, 1], and thus, the point 2 of the Corollary 1.2.3 applies to V,(A).
The new computations of the exponential Bloch-Kato groups obtained in
Theorem 1.2.2 and Corollary 1.2.3 thereby answer the question raised by
Coates and Greenberg [8, p. 131] in new cases.

Remark 1.2.6. If L is the cyclotomic Z-extension of K, then L is not dense

in BgL by the aforementioned results of Berger and Colmez, hence The-
orem 1.2.2 and Corollary 1.2.3 apply only in the case n = 1. However,
Berger [1], generalising results by Perrin-Riou [27, 28], has computed the
Bloch-Kato groups associated with a de Rham Galois representation over
the cyclotomic extension without any restriction on the Hodge-Tate weights
of the representation. Berger has proved that if V is de Rham and if L is
the cyclotomic Zy-extension of K, then the map 7, induces a surjective
morphism

HY(L, V/T) HA(L, V/T) = HY(L, VI T<0) = 0

of which the Pontryagin dual of its kernel is a finitely generated Z,-module.

Remark 1.2.7. Additionally to Coates and Greenberg’s open question [8,
p- 131] to compute the Bloch-Kato groups over perfectoid fields, Biiytiik-
boduk [6, Conjectures 2.5, 2.6, and 2.7] has conjectured that the structure
of the Bloch-Kato groups over the anticyclotomic Z,-extension should be
similar to the structure of the Bloch-Kato groups over the cyclotomic Z,-ex-
tension computed by Berger [1] .

Remark 1.2.8. We precise the role of perfectoid fields in Theorem 1.2.2 and
Corollary 1.2.3. Let G be a connected p-divisible group of height ht(G) and



dimension dim(G) defined over the ring of integers Ok of K. Let T,,(G) be the
p-adic Tate module of G, and let V,(G) = Qp, ®z, T,(G) be the rational p-adic
Tate module of G, hence, V,(G)/T,(G) = G[p™] is the group of p-power
torsion points of G. Recall [3, Example 3.10] that the exponential Bloch-
Kato group HL(L, G[p*]) then coincides with the image of the Kummer
map

G(O1) ®gz, Qp/Z, — H'(L, G[p™]).

Recall [33, 14] that the representation V,(G) is de Rham with Hodge-Tate
weights in [0, 1] and that the quotient representation V,(G)= is the rational
p-adic Tate module I{,(Gét) associated with the maximal étale quotient G of
G which is therefore trivial since G is assumed to be connected. The point 2
of Corollary 1.2.3 in the case n = 1 then applies to G and thus the following
statement holds.

« If L is a perfectoid field, then we have H}(L, G[p*®]) = HY(L, G[p™]).

On the one hand, if ht(G) = dim(G), Coates and Greenberg [8, Pro-
position 4.7] have proved that if L/K is an infinitely wildly ramified, then
HX(L, G[p®]) = H'(L, G[p*™]). (Coates and Greenberg state this result for
abelian varieties, their proof is valid for p-divisible groups.) Note that if L is
perfectoid, then L/K is infinitely wildly ramified [8, Lemma 2.12]. Thus, for
specific representations, there exists a wider class of fields than perfectoid
fields for which the equality H.(L, V/T) = H(L, V/T) holds.

On the other hand, if ht(G) > dim(G), then Bondarko [4], generalising
a result by Coates and Greenberg [8, Proposition 5.4], has proved that the
following statements are equivalent.

1. The field L is perfectoid.
2. The valuation of L is non-discrete and H3(L, G[p®]) = H'(L, G[p®]).

Remark 1.2.9. Perfectoid fields are ubiquitous in Iwasawa theory. Indeed,
the fields presented in Example 1.2.4 are perfectoid. Moreover, recall that if
the extension L/K is Galois with Galois group a p-adic Lie group in which
the inertia subgroup is infinite, then the field L is perfectoid by Sen (see [31]
and [8, Theorem 2.13]). All such fields are studied in Iwasawa theory [7, 20].

Remark 1.2.10. We briefly mention applications of our results in Iwasawa
theory. Results such as the main results of the present article, Theorem 1.2.2
and Corollary 1.2.3, and Berger’s result [1] for the cyclotomic extension allow
to precisely compare the Bloch-Kato Selmer groups to Selmer groups a la
Greenberg [21]. The Bloch-Kato Selmer groups are involved in the Iwasawa
main conjecture while Selmer groups a la Greenberg are more accessible to
study.

1.3 Overview of the proof

The method of the present article to study the Bloch-Kato groups over
perfectoid fields generalises and improves on the approach developed in [29].

The category C(Gk) of almost C,,-representations of Gy is an abelian
subcategory of the category of p-adic Banach representations of Gg intro-
duced by Fontaine [18] which contains as full subcategories the category of



p-adic representations of Gx and the category of torsion B -representations
of Gg.

Let n > 1 be an integer. Fontaine has associated with V' a short exact
sequence of almost C,-representations of Gk

0—V = E}V)— Fil"{/(Qp,) — 0, (1.3.1)
such that

« Fil™"#,(Qp) is a trivial B,-representation of G, that is, there exists
an isomorphism in C(Gy)

Fil " 1,(Q,) =~ €D BP™",

i€[1,n]

for some integers m;(V) € N. Moreover, if V'is de Rham, then m;(V)
is the multiplicity of i as a Hodge-Tate weight of V.

« E%(V)is the universal extension of V by a trivial B,,-representation in
¢(Gg).

Let EJ(V/T) be the maximal discrete Gx-submodule of E}(V)/T. Then,
there is an isomorphism

H'(L, V/T)/ Fil " Hy(L, V/T) = H'(L, E3(V/T)). (1.3.2)

Moreover, if L is a perfectoid field such that L is dense in BgL, then we will
prove that the computation of H'(L, E 5(V/T)) reduces to the computation
of H(L, E*(V)) which we will then carry out as follows.

Let X*¥ be the Fargues-Fontaine curve [13], and let Cohxrr(Gg) be the
category of Gg-equivariant coherent sheaves over XtF. Fontaine [19] has
proved that the global section functor on X induces an equivalence of
triangulated categories between the bounded derived categories

D?(Cohyrr(Gg)) = DP(C(Gy)). (1.3.3)

Moreover, if I is a perfectoid field, then Fargues and Fontaine have classified
the G;-equivariant coherent sheaves over X*F. We will deduce from these
results the following.

Proposition 1.3.1. Let X be an almost Cp-representation of Gg. Let X0 be
the maximal quotient p-adic representation of X. If L is a perfectoid field, then
the quotient map X — X° induces an isomorphism

HY(L,X) = HY(L,X°).

Therefore, in order to compute Hl(L, E%(V)), it remains to identify the
maximal quotient p-adic representation E?(V)° of E?(V) which we will do
by considering Ef(V) in terms of vector bundles over the Fargues—Fontaine
curve.

By the equivalence (1.3.3), the short exact sequence (1.3.1) is isomorphic
to the global sections of a short exact sequence of Gg-equivariant coherent
sheaves over X

0— V) > (V) = FA(V) = 0,



where £(V) = Oxrr ®q, V'is the vector bundle associated with V over XFF,

If Vis de Rham, then £(V) and £(V) are de Rham vector bundles over X*F,
and we will prove thatz : &(V) — E}(V) is then solution of the following
universal problem.

Let Bunyrr(Gg)4r be the category of de Rham Gg-equivariant vector
bundles over X*F, and let Bunyr+(Gg)5e " be the full subcategory of Bunyr(Gg )gr
of de Rham Gg-equivariant vector bundles over XF whose Hodge-Tate
weights are all in the set Z\ [1, n]. The forgetful functor from BunXFF(GK)flg >n
to Bunyrr(Gg)gr admits a left adjoint
T§£’>n . BuanF(GK)dR e BunXFF(GK)§£’>n

Er &L

If Vis de Rham, then E%(V) = t507"(E(V)) and 7 : E(V) — E(V) is the
universal morphism from (V) to the forgetful functor from BunXFF(GK)§£ >n
to Bunyrr(Gg)qr. We will then easily deduce from the universal property of
EM(V) that the maximal quotient p-adic representation E7(V)° of E%(V) is
the representation V<0>",

1.4 Organisation of the article

In section 2, we review the definition and some properties of almost C,,-rep-
resentations due to Fontaine [18, 19]. We also briefly review the p-adic
period rings defined by Fontaine [16].

In section 3, we review the properties of coherent sheaves over the Far-
gues—Fontaine curve [13] which will be needed. We recall the relation (1.3.3)
between almost C,,-representations and coherent sheaves over the Fargues-
Fontaine curve established by Fontaine [19]. We study the maximal quotient
p-adic representation of an almost C,-representation.

In section 4, we establish Proposition 1.3.1. Then, given an almost C,,-rep-
resentation X, an almost Cp—subrepresentation Z of X, and a Galois stable
lattice Z in Z, we study the cohomology of the maximal discrete Galois
submodule (X/Z)s of X/Z, which will allow us to relate the cohomology of
E3(V/T) to the cohomology of EX(V).

In section 5, we define and study the functor t5v~". We then study the
vector bundle £ (V).

In section 6, we review the definition of the Bloch-Kato groups and we
define the filtration on the exponential Bloch-Kato group. We then review
the definition and properties of the almost C,-representation E}(V), and
of the discrete Galois module E5(V/T) associated with V/T by Fontaine.
We then establish the relation (1.3.2) between the cohomology of E5(V/T)
and the filtered part of the exponential Bloch-Kato group, and the relation
between EX(V) and E%(V). Finally, we prove the main results stated in the
introduction: Proposition 1.2.1, Theorem 1.2.2, and Corollary 1.2.3.
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1.6 Notation

We adopt the convention that the set of natural numbers N contains 0.

We fix a prime number p, and an algebraic closure Qp of the field Q,
of p-adic numbers. We denote by C, the completion of Q, for the p-adic
valuation topology. Every algebraic extension of Q, considered is contained
in Q,. We denote by Qp' the maximal unramified extension of Q,,. If L is an
algebraic extension of Q,, then we denote by Gy, = Gal(Q,/L) the absolute
Galois group of L, by Ly = L N Q' the maximal unramified extension of
Q,, contained in L, and by L the completion of L for the p-adic valuation
topology. We also fix a finite extension K of Q.

If G is a topological group, then a topological G-module is a topological
abelian group M equipped with a continuous action of G compatible with
the group structure of M, and a discrete G-module is a topological G-mod-
ule whose underlying topological space is discrete. If G is a topological
group, and if M is a topological G-module, then, for each n € N, we denote
by H"(G, M) the n-th group of continuous group cohomology of G with
coefficients in M (see [34, §2] or [29, Appendix A]). Recall that if

0-M->M->M -0 (1.6.1)

is a short exact sequence of topological G-modules such that the topology of
M’ is the subspace topology from M, and the topology of M” is the quotient
topology from M, then the short exact sequence (1.6.1) induces an exact
sequence

0 — H°(G,M') — H°G,M) —— H°(G,M")
(1.6.2)

L» HY(G,M') —— HYG,M) —— HY(G,M").

10



Moreover, if there exists a continuous section of the projection of M on M”
as topological space, then the exact sequence (1.6.2) extends into a long exact
sequence

... » HY(G,M") - H"(G,M) —» H"(G,M") - H"*}(G,M") — ---

In particular, such a continuous section exists if M” is a discrete G-module.

If Gy, is the absolute Galois group of a field k, and if M is a topological
Gy-module, then, for each n € N, we write H"(k, M) instead of H" (G, M),
and H"(k, M) is the n-th group of Galois cohomology of k with coefficients
in M.

We denote by Z,,(1) the free Z,-module of rank 1 whose elements are
sequences ({pn)uen Of p-power roots of unity in Q, such that §; = 1 and
g“gnﬂ = {pn for each n € N, endowed with the natural action of G, by the
cyclotomic character y. We fix a generator ¢ of Z,(1) with group law written
additively. For each n € N, we set

Z,(n) = Sym} (Zy(1),
Z,(-n) = Hornzp(Zp(n), Z,).

Then, for each n € Z, the Galois group GQp acts on Zp(n) by x".

If L is an algebraic extension of Q, and if M is a Z,-module equipped
with a linear action of Gy, then, for each n € Z, then the n-th Tate twist M(n)
of M is the Z,,-module

M(n) = M ®2, Z,(n)

on which Gy acts by g(m ® z) = g(m) ® g(z) = y"(g)(g(m) ® z), for all
g€ G, me Mand z € Zy(n).

2 Almost C,-representations

2.1 p-adic Banach representations and almost C,-repres-
entations

We recall the definition of the category of almost C,,-representations of Gg
introduced by Fontaine [18].

A p-adic Banach representation of Gk is a Q,-Banach space equipped
with a continuous and Q,-linear action of Gg. A morphism of p-adic Banach
representations of Gy is a Gg-equivariant continuous and Q,-linear map.
We denote by B(Gk) the category of p-adic Banach representations of Gg.

A Gi-stable lattice in a p-adic Banach representation X of Gk is a Z,-sub-
module X of X which is complete and separated for the p-adic topology,
stable under the action of Gg and such that the inclusion of XX in X induces
an isomorphism X ®Zp Q> X.

Note that the field C, endowed with its natural topology and its natural
action of Gy is a p-adic Banach representation of Gg. A trivial Cp-represent-

ation of G is a p-adic Banach representation of Gg isomorphic to C,?d for
some d € N.

11



If X and Y are two p-adic Banach representations of Gk, then an almost
isomorphism from X to Y'is a triple (V, U, &) composed of:

1. afinite dimensional Gg-stable Q,-vector subspace V of X,
2. afinite dimensional Gg-stable Q,-vector subspace U of Y, and
3. an isomorphism in B(Gk)

a:X/V=Y/U.

Almost isomorphisms form an equivalence relation on p-adic Banach rep-
resentations of Gg. Two p-adic Banach representations of G are almost
isomorphic if there exists an almost isomorphism between them.

An almost C,-representation of G is a p-adic Banach representation
of Gg which is almost isomorphic to a trivial C,-representation of Gg. We
dEnote by C(Gg) the full subcategory of B(Gy) of almost C,-representations
[0} GK

Theorem 2.1.1 (Fontaine). The category C(Gk) is abelian.

Let RepQ (Gg) be the category of p-adic representations of Gy, that is,
D

the category of finite dimensional Q,-vector spaces equipped with a con-
tinuous and Q,-linear action of Gg. The category RepQ (Gg) defines a Serre
D

subcategory of €(Gg) which we denote by C°(Gy).

2.2 p-adic period rings

We briefly review the p-adic period rings defined by Fontaine [16].

The ring of p-adic periods B}; is a complete discrete valuation ring en-
dowed with an action of GQp’ whose residue field is Cps and of which tisa
uniformiser.

The field of p-adic periods By is the field of fractions of Bj. There is a
natural filtration on Byy by the fractional ideals
Fil"Bgg =B} - t",n € Z,
which is stable under the action of GQp‘ For each n € N, we set
B,, = B}/ Fil" Byg.

In particular, there is an isomorphism B, = Cp,.

The field Byy is equipped with a topology, the so-called canonical topo-
logy (see [16, §1.5.3] or [11]), which is coarser than the valuation topology
from BZ;. The action of GQp on By endowed with the canonical topology is
continuous, and, we have

(Fil" Bgr)°k = BSK =K ifn <0,

G _ (2.2.1)
(Fil" B4r)®% =0 ifn> 0.

Unless otherwise stated, we will consider By and its subquotient rings
endowed with the canonical topology. In particular, for each integer n > 0,
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B,, is a p-adic Banach representation of Gq,» and the isomorphism B; = C,
is an isomorphism of p-adic Banach representations of Gq,-

Moreover, the map Bg; — C, induces an isomorphism between the
separable closure of Q, in B and the field of the p-adic algebraic numbers
5, which we use to identify these two fields. The field Qp is then dense in
[9, 11)).
The ring BJ; contains a subring B}, stable under the action of Gq,
containing ¢, and equipped with an endomorphism ¢ commuting with the
action of Gq,. The ring of crystalline periods is By = B/ [1/t]. We have

Bcrls KO
Moreover, we have ¢(t) = pt, and the endomorphism ¢ extends uniquely to
Bcris-
Let

B. = BZISI {b € Byis» qo(b) = b},
and, for each n € N, let
(Bcrls)qa:p {b € Bcrls’ §0(b) = Pnb}

The ring B, is a principal ideal domain [13, Théoréme 6.5.2]. Moreover, the
ring B, inherits a filtration from Byg, and we have

Fil" B, = Fil"B;z N B, =

BL)P=P" " ifn<o,
ifn>o0.

Furthermore, we have
Fil’ B, = (B};)?~! = Q,,

and there exists G -equivariant short exact sequences of topological Q,-al-
gebras, the so-called fundamental exact sequences,

0 - Qp, = B, - Byr/Bj; — 0, (2.2.2)
and, for eachn € N,

0 — Q, — Fil™" B, — Fil™" Bg/B}; — 0. (2.2.3)

2.3 Almost C,-representations and p-adic periods

We recall the relation between B} -representations of Gg and almost C,-rep-
resentations of Gy established by Fontaine [18].
Let Reptor (Gg) be the category of finitely generated torsion BJz-modules

equipped w1th a continuous and BJ-semilinear action of Gg. We call an
object of Reptor (Gg) a torsion BJ-representation of Gg.

Note that the B;-module underlying a torsion B -representation of Gg
is a B,-module for some sufficiently large integer n. Since B, is a Q,-Banach
space, a torsion BJ;-representation of Gg is a p-adic Banach representation
of Gg. Hence, there is a forgetful functor from Reptor (Gg) to B(Gg) whose

essential image we denote by €+ (Gg).
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Theorem 2.3.1 (Fontaine). The forgetful functor from Rep;‘;g,R(GK) to B(Gk)

is fully faithful. Moreover, its essential image C**°(Gg) is a weak Serre subcat-
egory of €(Gg).

2.4 Torsion pairs

We recall the definition and properties of torsion pairs on a abelian cat-
egory [5, §1.12].

Definition 2.4.1. Let A be an abelian category. A torsion pair on A is a
tuple (B, €) of strictly full subcategories of A such that

1. for each object B of B and each object C of C, we have
Hom 4(B,C) =0,

2. for each object A of A, there exists a short exact sequence
0->-B->A—->C—-0,
with B an object of B, and C an object of C.

If (B, ©) is a torsion pair on an abelian category A, then the definition
of a torsion pair implies that for each object A of A, there exists a unique,
up to isomorphism, short exact sequence

0->B—->A—->C—-0,

with B an object of B, and C an object of € (see [5, Proposition 1.12.4]).

2.5 Effective and coeffective almost C,-representations

We recall the definition of effective and coeffective almost C,-representations
of Gg due to Fontaine [19, §3L, §6C].

An almost Cp-representation X of Gy is effective if there exists an object
Y of C**(Gg) such that X is isomorphic to a subobject of Y. We denote by
C=9(Gy) the full subcategory of €(Gg) of effective almost C,-representations
of GK'

An almost C,,-representation X of G is coeffective if for all object Y of
C**(Gg), we have

Home(GK)(X, Y) =0.

We denote by C<°(Gg) the full subcategory of C(Gy) of coeffective almost
C,-representations of Gg.

Proposition 2.5.1 (Fontaine). The subcategories C<°(Gg) and C=°(Gg) of
C(Gk) satisfy the following properties.

1. The categories C<°(Gy) and C=°(Gy) are exact subcategories of C(Gg).

2. The category C=°(Gy) is the smallest strictly full subcategory of C(Gg)
containing C°(Gk) and C**(Gy) and stable under taking extensions
and direct summands.

3. The tuple (C<°(Gg), C=°(Gy)) is a torsion pair on C(G).
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3 Coherentsheaves over the Fargues-Fontaine
curve

3.1 The Fargues-Fontaine curve
We review properties of coherent sheaves over the Fargues—Fontaine curve [13].

Let
XFF = Proj (EB(B;B)W”)

neN

be the Fargues-Fontaine curve. Recall that the scheme X*F is regular, No-
etherian, separated, connected, and one-dimensional. Moreover, the curve
XFF is complete.

We recall the description a la Beauville-Laszlo of coherent sheaves over
XFE,

Let L be an algebraic extension of Q,. For a ring R € {B,, Bj;, Byr}, we
denote by Rep,(Gy) the category of finitely generated R-modules equipped
with a continuous and R-semilinear action of Gy, and an object of Rep(Gp)
is called a R-representation of Gy.

Let M(Gy) be the category whose objects are triple (M., M3y, tpy) com-
posed of:

1. a B.-representation M, of Gy,
2. a B}-representation MJ; of G, and
3. a Gp-equivariant morphism of BJz-modules
v M3z = Bgr ®p, M,
which induces an isomorphism of Byz-representations of Gy,

Bir ®py, Mix = Bar ®p, Me,

and whose maps are tuple f = (f., fiz) composed of:
1. a morphism f, of B.-representations of Gy, and
2. amorphism f7; of BJ;-representations of Gy,

such that the diagram

L
MCTR _M) BdR ®Be Me
lfIR ll@fe

L
Njx —— Bu ®5, N.

commutes.
The Galois group Gq, acts on the Fargues-Fontaine curve XF via its

action on the period rings defining X*F. We denote by Cohxrr(Gy) the
category of Gp-equivariant coherent sheaves over XF.
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Recall that there exists a unique closed point of XFF, denoted by co,
fixed by the action of Gg, on X*". The completion of the stalk Oxrr o, is

isomorphic to B}, and X™ \ {co} = Spec(B,). Therefore, there is a functor
Cohyre(Gr) = M(Gy) (3.1.1)
which associates with a coherent sheaf ¥ the triple:
» Fo= H(X™\ {00}, 7),
« F} the completion of the stalk F,, and
+ 1 the glueing data.

Proposition 3.1.1 (Fargues-Fontaine). The functor (3.1.1) induces an equi-
valence of categories
Cohyre(Gr) = M(Gyp).

We denote by Bunyrr(Gy ) the full subcategory of Cohyrr(Gy) of G -equivari-
ant vector bundles over XTT.

Under the equivalence of Theorem 3.1.1, the category Bunxr+(Gy) is equi-
valent to the full subcategory of M (G ) whose objects are triple (M, M3z, tar)
such that

« the B.-module underlying M, is a free, and
« the BJ;-module underlying M is a free.

Moreover, if L is a finite extension of Q,, then Fontaine [19, Proposi-
tion 3.1] has proved that the B.-module underlying any B,-representation of
Gy, is free. Therefore, we have the following characterisation of Gg-equivari-
ant vector bundles and Gg-equivariant torsion coherent sheaves over XF.

Proposition 3.1.2. Let F be Gg-equivariant coherent sheaf over XF.

1. The sheaf ¥ is a vector bundle if and only if the Bjy-module underlying
Fix is free.

2. The following statements are equivalent.

(a) The sheaf ¥ is torsion.
(b) The B.-representation F, is trivial.

(c) The Bjy-representation Fjy is torsion.

Notation 3.1.3. We will write & = (F,, F 3z, t#) a coherent sheaf over X*F.
We will omit the map ty when there is no ambiguity.

Notation 3.1.4. If M}; denotes a B}z-module, then we set

Mgr = Bgg ®B:{R Mg
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3.2 The Harder-Narasimhan filtration

We denote by Ky(Cohyrr) the Grothendieck group associated with the cat-
egory Cohyrr of coherent sheaves over X'F. There exists group homomorph-
isms degree and rank

deg : Ko(Cohxrr) - Z,
rank : Kqo(Cohyrr) — Z,
characterised by the following properties.

« If ¥ is a coherent sheaf over X'F, then rank(¥) is the rank of ¥ as an
Oxrr-module.

« If £ is an invertible sheaf over XF, then deg(£) is the degree of the
divisor associated with £.

« If €isavector bundle over X of rank r, and if /\r Eisthe determinant
line bundle associated with &, then

deg(&) = deg (/\ 8) .

o If #is a torsion coherent sheaf over X'F, then

deg(F) = Z length Orr x(}jc).

closed point xeXFF

The slope of a coherent sheaf F, denoted by u(¥), is the element of
Q U {+00} defined by

+00 if F is torsion,
u(F) =4 deg(¥) .
rank(7) otherwise.

A coherent sheaf ¥ is semistable if for each non-zero subsheaf ' C F, we
have u(F") < u(F).
If # is a coherent sheaf over XFF, there exists a unique filtration of F by

subsheaves
0=HCHC - CHh 1 CH=F (3.2.1)

such that
1. the sheaf %/#_, is semistable for each i € {1, ..., n}, and
2. W(FHIF_1) > wW(F 1 /F) foreachi e {1,...,n — 1}

The filtration (3.2.1) is the Harder-Narasimhan filtration of F, and the slopes
(u(Fi/%-1))ieqn,....n} are the Harder-Narasimhan slopes of F.

Proposition 3.2.1 (Fargues-Fontaine). Let F be a coherent sheaf over X'*.
For each integer n > 1, the group H"(X'Y, F) is trivial. There is an exact
sequence functorial in &

)
0 - HOXF, F) » F, @ Fly —> Fap — H(X™,F) - 0,

where §#(x,y) = x — 14(y). Moreover,
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1. the group HO(XTF, F) is trivial if and only if the Harder-Narasimhan
slopes of F are all < 0, and

2. the group H(XTY, #) is trivial if and only if the Harder-Narasimhan
slopes of F are all > 0.

Let L be an algebraic extension of Q,,.

Remark 3.2.2. The uniqueness of the Harder—Narasimhan filtration implies
that the Harder-Narasimhan filtration of a Gy -equivariant coherent sheaf is
composed of G;-equivariant coherent sheaves.

If L.is a perfectoid field [ 30, §3], then Fargues and Fontaine [13, Théoréme 9.3.1
and Théoréme 9.4.1] have classified G -equivariant sheaves over XF¥. Part
of the classification is the following.

Theorem 3.2.3 (Fargues-Fontaine). If L is a perfectoid field, then the Harder-
Narasimhan filtration of a Gp-equivariant coherent sheaf over X' is split in
COhXFF(GL).

3.3 Harder-Narasimhan twists

We recall the definition and properties of the Harder-Narasimhan twists of
coherent sheaves due to Fontaine [19, §3H]. If F is a coherent sheaf over
XFF then, for each n € Z, the n-th Harder-Narasimhan twist of F, denoted
by F(n)p. is the coherent sheaf defined as the following modification of F
at the point oco:

FMiin = (For Fip (=1, 15(-1).

We then have the following short exact sequences of coherent sheaves

0> F > F()ux = 0,"FH/FH) =0 ifn>0, (3.3.1)
0—F(nyy = F = (0,FH/tT"FH)—>0 ifn<o. (3.3.2)

Moreover, if L is an algebraic extension of Q, and if #is Gy -equivariant, then
F(n)yy is Gr-equivariant, and the short exact sequences (3.3.1) and (3.3.2)
are short exact sequences of Gy -equivariant coherent sheaves.

Proposition 3.3.1 (Fontaine). Let F be a coherent sheaf over X'F. Let n € Z.
We have

WF(Mun) = u(F) + n.

Moreover, if F is semistable, then F(n)yy is semistable.

Corollary 3.3.2. Let F be a coherent sheaf over X'*, and let (%);eqo,... n} be
the Harder-Narasimhan filtration of #. Let n € Z. Then (%(n)un)icfo,...,n}
is the Harder—Narasimhan filtration of F(n)yn. In particular, the Harder-
Narasimhan slopes of F(n)uy are {4; + nlicqu,... ) Where u; runs over the
Harder-Narasimhan slopes of F.

.....
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3.4 Almost C,-representations and coherent sheaves

We recall the relation between almost C,,-representations of G and Gg-equivari-
ant coherent sheaves over the Fargues—Fontaine curve established by Fon-
taine [19].

Let Cohyrr(Gg) be the category of Gg-equivariant coherent sheaves over
XFF. We set the following subcategories of Cohyrr(Gg).

o Let Coh)Z((F)F(GK) be the full subcategory of Cohxrr(Gg) of Gg-equivari-
ant coherent sheaves whose Harder-Narasimhan slopes are all >
0. Note that the category Coh,z(gF(GK) is an exact subcategory of
COhxFF(GK)

o Let Cohf(gp(GK) be the full subcategory of Cohyrr(Gg) of Gx-equivari-
ant coherent sheaves whose Harder-Narasimhan slopes are all <
0. Note that the category Cohx%(G) is an exact subcategory of
CohxFF(GK).

o Let COh?{FF(GK) be the full subcategory of Cohxrr(Gg) composed of
the Gg-equivariant coherent sheaves semistable of slope 0. Note that
the category Coh%(Gx) is an abelian subcategory of Cohyr(Gg).

« Let Coh}#%(Gx) be the full subcategory of Cohyrr(Gg) of Gg-equivari-
ant torsion coherent sheaves. Note that the category Coh}(Gg) is an
abelian subcategory of Cohyrr(Gg).

The classification of coherent sheaves over X*F, Theorem 3.2.3, implies
the following.

Proposition 3.4.1. The tuple (Coh)Z(gF(GK), Cohf(gF(GK)) is a torsion pair on
CohxFF(GK)

Theorem 3.4.2 (Fargues-Fontaine, Fontaine). There are functors
Cohxrr(Gg) = €2°(Gy)
F - HO(XFF, F)
and
Cohyrr(Gg) = €<°(Gg)
F - H'(XT, F)
which induce the following equivalence of categories.
1. The functor ¥ ~ H°(X'F, F) induces an equivalence of exact categories
Coh3%(Gk) = CZ°(Gy).
2. The functor ¥ — H°(XTF, F) induces an equivalence of abelian categor-
“ Coh%r(Gg) = C%(Gy),
of which the functor
C(Gg) = Cohyre(Gy)
Vi E(V) = Oxrr Qq, V = (B, ®q, V: B ®q, V)

is a quasi-inverse.
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3. The functor ¥ — H°(XTF, F) induces an equivalence of abelian categor-
ies
Coh%R(Gg) = C**(Gy),
of which the functor

C**(Gg) = Coh%#(Gk)
Mz = (0, M)

is a quasi-inverse.
4. The functor ¥ — H'(X'F, F) induces an equivalence of exact categories

Coh%(Gg) = C<°(Gy).

Remark 3.4.3. While the global sections functor does not extend to an equival-
ence of categories between Cohyrr(Gg) and C(Gk), Fontaine has proved that
it induces an equivalence of triangulated categories between the bounded
derived categories

DP(Cohyre(Gg)) = DP(C(Gy)). (3.4.1)

Fontaine has also proved that the categories Cohyrr(Gg) and C(Gg) can be
recovered from each other as follows.

« The torsion pair (Coh;-(gF(GK), Cohf(gF(GK)) on Cohyrr(Gg) induces a
t-structure on D?(Cohyrr(Gg)) whose abelian heart is naturally equi-
valent to C(Gg) via the equivalence (3.4.1).

« The torsion pair (C<°(Gg), €=°(Gk)) on C(Gk) induces a t-structure
on D?(@(Gg)) whose abelian heart is naturally equivalent to Cohxrr(Gg)
via the equivalence (3.4.1).

We also set the following subcategories of Cohxrr(Gg) and C(Gg).

« Let Cohx2(Gy) be the full subcategory of Cohyr(Gy) of Gg-equivari-
ant coherent sheaves whose Harder-Narasimhan slopes are all > 0.
Note that the category Coh;(gF(GK) is a full subcategory of Coh}Z(gF(GK),

and that the category Coh$%(Gy) is a full subcategory of Coh3%(Gg).

« Let C>%(Gg) be the subcategory of C(Gy) equivalent to the category
Coh§2F(GK) via the equivalence of categories Coh)z(gF(GK) = @29(Gg)
from Theorem 3.4.2. Note that the category C**(Gg) is a full subcat-
egory of €>%(Gg).

3.5 Almost C,-representations and p-adic representa-
tions

Definition 3.5.1. Let C7*°(Gy) be the full subcategory of C(Gy) of almost
C,-representation X of Gk such that for all p-adic representation V of Gg,
we have

Hom@(GK)(X, V) =0.
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Proposition 3.5.2. The tuple (C*°(Gy), C°(Gy)) is a torsion pair on C(Gy).
Moreover, if X is an almost C,-representation of Gy, then there exists a com-
mutative diagram in C(Gg) whose columns and rows are exact which is unique
up to isomorphism

0 0
| |

0 X<0 X#0 X0 —— o0
[

0 X<0 X X —o0
!

—

e}
e}

S —
—

(=)

k]

with X<° an object of €<°(Gg), X>° an object of C>°(Gg), X=° an object of
CZ%(Gg), X° an object of C°(Gy), and X*° an object of C*°(Gy).

Proof. By Definition 3.5.1 of the subcategory €#°(Gy), the first property in
the Definition 2.4.1 of a torsion pair is satisfied. We prove the second one.
Let X be an almost C,,-representation of Gg. Since (€<°(G), €>°(G))
is a torsion pair on C(Gg) by Proposition 2.5.1, there exits a short exact
sequence
0-X0>5X - X200, (3.5.1)

with X <0 a coeffective almost C,-representation of G, and X>° an effective
almost C,,-representation of Gg. By Theorem 3.4.2, there exists a sheaf 7 20
which is an object of Coh)z(gF(GK) and an isomorphism of almost C,-repres-
entations of Gy
HO(XTF, #20) = x>0,
Let
0570 -5 520 5 570 >, (3.5.2)

be the first step of the Harder-Narasimhan filtration of 29, with >0 an
object of Cohz%(Gx), and F° an object of Coh%r+(Gy). By Theorem 3.4.2,
we have the almost C,-representations of Gg

X>0 - HO(XFF,.(I">0),
X0 = HO(XTF, #9),

where X>? is an object of €>°(Gg), and X° is a p-adic representation of G.
By Theorem 3.2.1, the group H'(XF, #>9) is trivial, and the cohomology of
the short exact sequence (3.5.2) gives rise to the short exact sequence

0— X>0 N XZO — XO - 0. (3.5.3)
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Let X7° be the reciprocal image of X>° in X via the short exact sequence (3.5.1).
The combination of the short exact sequences (3.5.1) and (3.5.3) yields the
commutative diagram in €(Gg) whose columns and rows are exact

0 0
! |
0 X<0 X#0 X0 .0
[
0 X<0 X X0 ¢ (3.5.4)
| |
X0 —— X
| |
0 0

We prove that X7° is an object of @#°(Gy). Let V be a p-adic represent-
ation of Gg. On the one hand, since X<° is an object of €<°(Gg) and the
category of p-adic representation C%(G) is a subcategory of €=°(Gk) by
Proposition 2.5.1, and since the tuple (C<°(Gg), €2%(Gy)) is a torsion pair on
C(Gg) again by Proposition 2.5.1, there is no non-trivial map from X<° to V.
On the other hand, the Gg-equivariant vector bundle £(V) associated with
V is semistable of slope 0 by Theorem 3.4.2, therefore, by Proposition 3.4.1
there is no non-trivial map from #>° to £(V), and thus, by the equivalence
of categories Cohz2x(Gg) = €2°(Gy) from Theorem 3.4.2, there is no non-
trivial map from X>° = HO(XFF, #>9) to V = HY(X'F,&(V)). Therefore,
using the short exact sequence

0-X<0 X705 x>0 -0

extracted from the diagram (3.5.4), we conclude that there is no non-trivial
map from X7° to V, and hence, X7° is an object of C#°(Gy).
Finally, the existence of the short exact sequence

05X 5 X 5 X050

extracted from the diagram (3.5.4) with X#° an object of C#°(Gg) and X°
an object of C°(Gg) implies that the second property in the Definition 2.4.1
of a torsion pair is satisfied. |

We will also need the following.

Lemma 3.5.3. If X< is a coeffective almost C,-representation of Gg, then
there exists a short exact sequence in C(Gg)

0-Y>0 5 zt® 5 X<0 5,

with Y>9 an object of €>°(Gy), and Z+* an object of €+ (Gk).
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Proof. By Theorem 3.4.2, there exists an object F of Cohx%(Gg) and an
isomorphism of almost C,-representations

H'(XTF, 7) = X<O.

For n € N, the Harder-Narasimhan twist F(n)yy of F fits into the short
exact sequence
0—-F - Fn)yxy — H(n) — 0, (3.5.5)

with #((n) the torsion Gg-equivariant coherent sheaf (0, " F}; /F ). Moreover,
for n sufficiently large, the Harder-Narasimhan slopes of F(n)yy are all > 0

by Proposition 3.3.1. Hence, by Theorem 3.2.1 and Theorem 3.4.2, the short
exact sequence (3.5.5) induces a short exact sequence

0 —» H(X™, F(n)yy) » HOXTF, 7(n)) » H' (X', F) - 0,

and HO(X'F, #(n)yy) is an object of €>°(Gy), and H(XTF, #(n)) is an object
of @+ (Gy). "

3.6 de Rham vector bundles

We briefly recall the definition of de Rham vector bundles over the Fargues—
Fontaine curve [13].

Let Modg be the category of finite dimensional K-vector spaces. There
is a functor

RedeR(GK) — Modg
G (3.6.1)
Mgg = Mgy’
which admits a right adjoint
Modg — RedeR(GK)
D BdR ®K D.

(3.6.2)

A Bgg-representation Mgy of Gy is flat if dimg , Myg = dimg MdGI{( . Let
Rep%’dR(GK) be the full subcategory of RedeR(GK) of flat Byz-representation
of Gg. Then the functor (3.6.1) induces an equivalence of categories

Rep%'dR(GK) = Modg,

of which the functor (3.6.2) is a quasi-inverse.

Let Filg be the category of filtered K-vector spaces, that is, the category of
finite dimensional K-vector space equipped with a decreasing exhaustive and
separated filtration by K-vector subspaces. The weights of a filtered K-vector
space (D, Fil D) are the integers n € Z such that Fil™" D/ Fil™"*' D # 0, and
the multiplicity of a weight n is the dimension dimg Fil™" D/ Fil™"*! D.

Let RengE(GK) be the full subcategory of RepBE,R(GK) of Bj-represent-
ation of Gg whose underlying B};-module is free. There is a functor

Repf];ie (Gg) — Filg
dR

B (3.6.3)
M —» (MG ("M $) %Y ez)
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which admits a right adjoint

Filgy — Repf];ie (Gg)
'dR
(D,FilD) ~ > Fil" By ® Fil " D.

nez

(3.6.4)

A free B} -representation M3 of Gy is generically flat if the Byg-repres-
entation My is flat. Let Rep%ﬂ’(GK) be the full subcategory of Repf];ie (Gg)
dR dR

of generically flat B};-representation of Gg.

Theorem 3.6.1 (Fargues-Fontaine). The functor (3.6.3) induces an equival-
ence of categories

Repgill;(GK) = Filg,

of which the functor (3.6.4) is a quasi-inverse.

There is a functor

Dy : Bunyre(Gg) — Filg
& (Dyr(E), FilDgg(€)),
defined as the composition of the functor (3.6.3) with the functor
Bunyrr(Gg) — RengZ(GK)
Er &L

A Gg-equivariant vector bundle € is de Rham if £}; is generically flat,
or equivalently, if dimg Dy4r(€) = rank €. The Hodge-Tate weights of a de
Rham vector bundle € are the weights of Dz (&). We denote by Bunyrr(Gg)gr

the full subcategory of Bunyrr(Gg) of Gx-equivariant de Rham vector bundles
over XF,

Remark 3.6.2. The definition of de Rham vector bundles and Proposition 3.1.2
implies the following characterisation of de Rham vector bundles. A Gg-equivari-
ant coherent sheaf € is a de Rham vector bundle if and only if £}y is gener-
ically flat.

Proposition 3.6.3. Let
058 >E-E" >0

be a short exact sequence of Gg-equivariant vector bundles over X™. If € is
de Rham, then &' and &" are de Rham. Moreover, the set of the Hodge-Tate
weights of € is the union of the sets of the Hodge-Tate weights of £ and &".

Remark 3.6.4. The composition of functors
V= Dr(E(V))

is the usual Dy functor defined by Fontaine [17]. In particular, a p-adic
representation V'is de Rham if and only if the vector bundle £(V) is de Rham.
We will write Dgg(V) instead of Dygr(E(V)).
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4 Cohomology of perfectoid fields

4.1 Cohomology of almost C,-representations

Let L be an algebraic extension of K. If L is a perfectoid field, as a con-
sequence of the classification of G;-equivariant coherent sheaves over XF¥
already mentioned in Theorem 3.2.3, Fargues and Fontaine [13, Remarque 9.4.2]
have obtained the following.

Theorem 4.1.1 (Fargues-Fontaine). Let ¥ be a Gy -equivariant coherent sheaf
over X¥F whose Harder-Narasimhan slopes are all > 0. If L is a perfectoid
field, then

EXtéOhXFF(GK)(OXFF’ ?) =~ HI(L, HO(XFF,‘?)) =0.

The combination of Theorem 3.4.2 and Theorem 4.1.1 immediately im-
plies the following.

Corollary 4.1.2. Let X>° be an almost C,-representation which is an object of
the subcategory C>°(Gy). If L is a perfectoid field, then the group H'(L, X>°)
is trivial.

We will use the following repeatedly.

Proposition 4.1.3. The p-cohomological dimension of a perfectoid field of
residue characteristic pis < 1.

Proof. Let k be a perfectoid field of residue characteristic p. On the one
hand, the tilt k” of k is a perfectoid field of characteristic p whose absolute
Galois group Gy, is canonically isomorphic to Gj ([30, §3]). On the other
hand, the p-cohomological dimension of a field characteristic p is < 1 ([32,
IT §2.2 Proposition 3]). |

Lemma 4.1.4. Let X be a p-adic Banach representation of Gk, and let X be a
Gk-stable lattice in X. If the p-cohomological dimension of L is < 1, then, for
each integer n > 1, the groups H*(L, X) and H"(L, X) are trivial.

Proof. Recall [23, §2] that, since XX is complete and separated for the p-adic
topology, for each n € N, there is a short exact sequence

. 11yn—1 i n : n i
0 — lim" H""Y(L, X/p'X) —» H"(L, X)) — lim H"(L, X/p'X) - 0,

where we set H™!(L, '/pX') = 0. Moreover, for each i € N, the short exact
sequence
0— plx/pl+1x N x/pl+1x N x/plx -0

induces an exact sequence
HY(L, X/p*12) — HY(L, X/p'x) — HA(L, plx/pix).

By hypothesis, for each integers n > 1 and i € N, the groups H"(L, X'/ p'x)
and H"(L, p'/p'*1X) are trivial, which implies that:

« for each integer n > 1, the group I(El H*(L,x/ piDC ) is trivial,
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« for each integer n > 2, the group 1(1111 H""Y(L, X/p'X) is trivial,

« foreachi € N, the map H'(L, X/p*'X) — HY(L, X/p'X) is surjective,
and thus, the group Eiill Hl(L, X/ pix ) is also trivial.

Therefore, for each integer n > 1, the group H*(L, X) is trivial.
Since X/X is discrete, the short exact sequence

0o X->X->X/X >0
induces a long exact sequence
- —» HY(L,X) - H"(L,X) - H"(L,X/X) - H""\(L,X) - ---.

For each integer n > 1, we have proved that the group H*(L, XX) is trivial, and
by hypothesis, the group H"(L, X/X) is trivial. Therefore, for each integer
n > 1, the group H*(L, X) is trivial. |

Remark 4.1.5. A short exact sequence in C(Gx)
0-Z->X->Y->0 (4.1.1)
induces a long exact sequence
- —> HYL,Z) - H(L,X) - H"(L,Y) » H"*Y(L,Z2) — ---.

Indeed, by Theorem 2.1.1, the category C(Gg) is an abelian subcategory of
B(Gk)- In particular, each morphism of Banach spaces in the sequence (4.1.1)
is strict. Moreover, there exists a section, as topological spaces, of the surject-
ive morphism X — Y (see for instance [10, Proposition I.1.5 (iii)]). Therefore,
the short exact sequence (4.1.1) induces long exact sequences in Galois co-
homology [34, §2].

Proposition 4.1.6. Let X be an almost Cy-representation of Gk. If Lisa
perfectoid field, then the short exact sequence

0-X%>5X->X>0
induces an isomorphism
H(L,X) ~ HYL,X°).

Proof. The combination of Proposition 4.1.3, Lemma 4.1.4 and Remark 4.1.5
yields an exact sequence

HY(L,X#%) - HYL,X) - HYL,X°) - 0.

We prove that the group H(L, X*°) is trivial. By Proposition 3.5.2, there
exists a short exact sequence

0—-X<0 - X705 x>0 -0, (4.12)
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with X<° an object of €<°(Gg), and X>° an object of ¢>°(Gy). By Proposi-
tion 4.1.3, Lemma 4.1.4 and Remark 4.1.5, the short exact sequence (4.1.2)
induces an exact sequence

HY(L,X<%) - H'(L,X#°) -» H(L,X>°) - 0. (4.1.3)
Moreover, by Lemma 3.5.3, there exists a short exact sequence
0— Y0 - Z+t® - Xx<0 0, (4.1.4)

with Y>° an object of €>°(Gk), and Z** an object of C*®(Gg). Again
by Proposition 4.1.3, Lemma 4.1.4 and Remark 4.1.5, the short exact se-
quence (4.1.4) induces an exact sequence

HYL,Y>%) - HYL,Z+*®) - HY(L,X<°) — 0. (4.1.5)

Finally, by Corollary 4.1.2, the groups H'(L, Z+*) and H'(L, X>°) are trivial.
Thus, using the exact sequences (4.1.3) and (4.1.5), we conclude that the
groups H(L, X<°) and H'(L, X#°) are trivial. [ |

Lemma 4.1.7. Let
0-Z->X->Y->0

be a short exact sequence in C(Gg), and let Z be a Gk-stable lattice in Z. If
the p-cohomological dimension of L is < 1, then the short exact sequence of
topological Gx-modules

0-2->X->X/Z-0
induces a surjective map
HYL,X) - HYL,X/Z) - 0

Proof. We consider the diagram of topological Gg-modules whose rows and
columns are exact

N N «— O

f Ly 0 (4.1.6)

oq

|
|

o<—5<—><<—l\2<—0

o
N
©— 3

The maps f, f' and g each admits a continuous section as morphisms of
topological spaces. Hence, by Lemma 4.1.4, the diagram (4.1.6) induces the
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diagram whose rows and columns are exact

Yyt —— HYL,7) —— H'(I,X) —— H!(L,Y) — 0

| | l )|

yer — HY(L,Z/2) — H\(L,X/2) — H!{(L,Y) — 0

|

O b

from which the statement follows. [ |

The combination of Proposition 4.1.3, Proposition 4.1.6 and Lemma 4.1.7
implies the following.

Corollary 4.1.8. Let
0-Z-X->Y->0

be a short exact sequence in C(Gg), and let Z be a Gg-stable lattice in Z. Let
2(©) be the image of Z in X°, and let Z#0 = 2 N X#0. If L is a perfectoid field,
then the short exact sequence of topological Gx-modules

0 — X7#0/2#0) - X/2 - X°/2(0 0
induces an isomorphism
HYL,X/2) =~ HL,X°/2©).

Moreover, for each integer n > 1, the group H" (L, X/2) is trivial.

4.2 Cohomology of maximal discrete Galois submodules

Notation 4.2.1. If M is a topological Gx-module, then we denote by My the
discrete Gg-module
T 0 '
M;s = ll_r)n H (XK', M),
res,K’

where K’ runs over all the finite extensions of K, and the transition morph-
isms are the restriction maps.

Let
0-Z->X->Y->0

be a short exact sequence in C(Gg), and let Z be a Gg-stable lattice in Z.

Lemma 4.2.2. The short exact sequence of topological Gg-modules
0-2Z/Z2-X/Z-Y -0
induces a short exact sequence of discrete Gg-modules

0—Z/Z2 > (X/2)s > Y5 > 0.
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In particular, there is a commutative diagram of topological Gg-modules with
exact rows

0 ZIZ X/Z Y 0
|| | T
0 Z/Z (X/2)s —> Y5 — 0.

Proof. The short exact sequence of topological Gg-modules
0-Z/2-X/Z2-Y—>0
induces a long exact sequence for each finite extension K’ of K

0 - H°(K',Z/2) - H°(K',X/2Z) - H(K',Y) - H'(K', Z/Z) — ---.
(4.2.1)
The long exact sequences (4.2.1) yields the long exact sequence

0= (Z/2)s = (X/2)s = Y5 — lim HYK',Z/Z) - ---,

res,K’

where K’ runs over all the finite extensions of K, and the transition morph-
isms are the restriction maps. Since Z/% is a discrete Gg-module, we have [32,
I §2.2 Proposition 8]

lim HY(K',Z/2) = (Z/%)s=ZIZ %fn =0,
sk 0 if n > 0.

res,K’

Let L be an algebraic extension of K.
Lemma 4.2.3. The short exact sequence of discrete Gg-modules
0->2/2->X/2)s > Ys—0

induces an exact sequence

0 — HL,Z/2) — H(L,(X/2)s) —— H(L,Y;s) —]

[_> HYL,Z/2) — H'(L,(X/Z)s) ——— 0

and, for each integer n > 1, an isomorphism
H™(L,Z/2) = H* (L, (X/2)s).
Proof. The short exact sequence of discrete Gg-modules
0->Z/2 > X/2)s—>Ys—>0
induces a long exact sequence
.- H™L,Z/2) - H"(L,(X/2)s) - H"(L,Ys) - H"" (L, Z/2) — ---.

Furthermore, since Ys is a uniquely divisible discrete Gx-module, for each
integer n > 1, the group H"(L, Ys) is trivial since it is torsion [32, I §2.2
Corollaire 3] and uniquely divisible. |
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By Lemma 4.2.2 and Lemma 4.2.3, there exists a morphism
¢ : H(L,(X/2)s) » H'(L.X/2),

and a commutative diagram with exact rows

Y%t —— HYL,Z/2) —— HYL,X/2) —— HYL,Y)

T “ 4 T (4.2.2)

Yyt —— HY(I,Z/2) — H'(L,(X/2)s) —— O.

In particular, the map & induces a morphism
H'(L,(X/2)s) — Ker (H'(L,X/2) - H'(L,Y)).

Note that Ker (Hl(L,X /Z) - HYL, Y)) is the torsion subgroup of H'(L, X/2).
We consider Y°L endowed with the subspace topology from Y.

Proposition 4.2.4. If (Y;5)CL is dense in YCL, then the map & induces an
isomorphism

H'(L,(X/2)s) = Ker (H'(L,X/2) - H'(L,Y)).

Proof. Recall [29, Appendix A] that if G is a locally compact and separated
topological group, and if M is a topological G-module, then the compact-
open topology on the continuous cochains induces a structure of topological
groups on each abelian group H"(G, M), n € N, which satisfy the following
properties.

1. If
0-M->M->M -0

is a short exact sequence of topological G-modules such that the to-
pology of M’ is the subspace topology from M, the topology of M” is
the quotient topology from M, and there exists a continuous section
of the projection of M on M” as topological space, then it induces a
sequence of topological groups

- = H"(G,M") - H*(G,M) - H"(G,M") - H""(G,M") > -
whose underlying sequence of abelian groups is exact.

2. If G is compact and M is a discrete G-module, then, for each n € N,
the topological group H*(L, M) is discrete.

Therefore, we can consider the top exact sequence
Y%L - HY(L,Z/2) - HY(L,X/2) - HY(L,Y)

of the diagram (4.2.2) as a sequence of topological abelian groups in which
the group Hl(L, Z/%) is discrete. If YacL is dense in Y©L, then, by continuity,

the images of Y(SGL and Y©L in the discrete group H'(L, Z/2) coincides. We
conclude using the commutativity of the diagram (4.2.2). |
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The combination of Corollary 4.1.8 and Proposition 4.2.4 yields the
following.

Corollary 4.2.5. If L is a perfectoid field and if (Y3)CL is dense in YCL, then
there exists a short exact sequence

0 —» HY(L,(X/2)s) - HY(L,Xx°/2®) - HY(L,Y°) - 0.

5 Truncation of the Hodge-Tate filtration

Let Bunpr(GK)flg be the full subcategory of Bunyrr(Gg)qr of de Rham
Gk-equivariant vector bundles over X'F whose Hodge-Tate weights are all
< 0. In [29, §2], we have defined and studied the functor

Tc?lg . BunXFp(GK)dR - BunXFF(GK)ig
Em &,

which is a left adjoint to the forgetful functor from BunXFF(GK)flg to Bunyrr(Gg)dr»
and which associates with a vector bundle € = (&, € ;R, tg) the vector bundle

Ep = (& SE'R + BIR ®k Dar(E), te).

Let n > 1 be an integer. Let Bunpr(GK)flg’M be the full subcategory of
Bunyrr(Gg)gr Of de Rham Gg-equivariant vector bundles over X'F whose
Hodge-Tate weights are all in the set Z \ [1, n]. In this section 5, we will
define and study the functor

T§£’>n . BuanF(GK)dR b BunXFF(GK)§§’>n
Er &L
which is a left adjoint to the forgetful functor from Bunyer(Gg)3e” " to
Bunyrr(Gg)gr, and which associates with a vector bundle € = (€, £k, te)
the vector bundle

& = (€e, Ed + B ®x Fil " Dgr(&) te)-

The construction of the functor z5v”" is similar to the one of 75¢. There-
fore, we will omit some details and refer the reader to [29]. In particular, this
section 5 purposefully follows the same structure as [29, §2] for the reader’s

convenience.

5.1 Modification of filtered vector spaces

Letn > 1be an integer. Let Filz>”" be the full subcategory of Fil of filtered
K-vector spaces whose weights are all in the set Z \ [1, n].
We define the functor
507" ¢ Filg — Filg>™"
(D,Fil D) ~ (D, Fil, , D)
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which associates with a filtered K-vector space (D, Fil D) the filtered K-vector
space (D, Fil, ,, D) where

FilD ifi<-n
Fil, ,D={Fil™"D ifi € [-n,0]
Fil'D ifi>o0.
Note that the identity map on D induces a morphism of filtered K-vector
spaces p : (D,FilD) — (D, Fil, ,, D).
<0,>n

Proposition 5.1.1. The functor tg;” " is exact and left adjoint to the forgetful

functor from Fil§0’>n to Filg. Moreover, we have the following properties.

1. Let (D, Fil D) be a filtered K-vector space. The morphism np is the uni-

versal morphism from (D, Fil D) to the forgetful functor from Fil§0’>”

2. There is a commutative diagram

<0,>n
. Fil :150,>n
Filg —— Fil§

l |

MOdK l—d) MOdK,

where the vertical arrows are the forgetful functor (D, Fil D) — D, and
the bottom arrow is the identity functor.

Proof. The statement is proved similarly to [29, Proposition 2.1.4, Remark 2.1.3,
and Corollary 2.1.5]. |

Lemma 5.1.2. Let (D, Fil D) be a filtered K-vector space. Then
> Fil' B ®x Fily, D = (Z Fil' Bf, ® Fil™ D) + B} ®x Fil ™" D.
i€z i€z

Proof. The statement follows from computations similar to [29, Lemma 2.1.6].
By definition, we have

> Fil' B ®x Fily,, D = > Fil' Bf ® Fil ' D

i€Z i<0
+ D, Fil'B} ®¢Fil™"D
iefo,n]
+ > Fil' Bf ®¢ Fil ' D
i>n

On the one hand, since Fil' B}; ® Fil™ D C Fil' B}, ® Fil~" D for each
i € [0,n], we have
> Fil' By ®x Fily,, D = Y Fil' Bf ® Fil ' D
i€Z i€Z
+ Y. Fil'Bf; @ Fil ™" D.
ie[o,n]
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On the other hand, we have
> Fil' B ®x Fil " D = Bj; ® Fil " D.
iefo,n]
[ |

Let Rep%ﬂ'(GK)SO’”‘ be the subcategory of Repiﬂ' (Gg) equivalent to the
dR dR
subcategory Fil§0’>" of Filg via the equivalence Repiﬂ'(GK) = Filg from
dR
Theorem 3.6.1. By Lemma 5.1.2, the composition of the functor 75,>>" with
the equivalences of categories Repi'g'(GK) =~ Filg and Rep%ﬂ'(GK)SO’M =
dR dR

Filg>”" then yields a functor

0>n . A, A,
TfR >n . ReprgR(GK) - Repré,R(GK)SO’M
M = Mz + B @k (17" M )O%.
Proposition 5.1.1 implies the following.
Proposition 5.1.3. The functor rfli’ " is exact and left adjoint to the forgetful

functor from Rep%ﬂ' (Gp)=%>"to Rep‘gﬂ' (Gk). Moreover, we have the following
dR dR
properties.
1. Let M}, be a generically flat B}-representation of Gg. The inclusion
morphism M C M + Bl ®k (t7"M,)CK is the universal morphism
from M, to the forgetful functor from Rep%ﬂ'(GK)SO’”‘ to Repig'(GK).
dR dR

2. There is a commutative diagram

<0,>n
L. Tar L.
Repg (Gg) ——— Repgy (Gx)=0"

| l

id
Repg'dR(GK) < 5 Repg'dR(GK),

where the vertical arrows are the functor of extension of scalars, and the
bottom arrow is the identity functor.

5.2 Modification of de Rham vector bundles

<0,>n

Let n > 1 be an integer. Let Bunyrr(Gg)3z’~  be the full subcategory of
Bunyrr(Gg)gr Of Gg-equivariant de Rham vector bundles over X'F whose
Hodge-Tate weights are all in the set Z \ [1, n].
By Remark 3.6.2 and Proposition 5.1.3, the functor rflg > together with
the identity functor on RepBe(GK) induces a functor
TEIV(I)">H . BuanF(GK)dR e BuanF(GK)§£’>n
Er &L

which associates with a de Rham vector bundle & = (&, € ;R, tg) the de Rham
vector bundle

EN = (&, ER + Blg ®k Fil ™" Dgr(&), te).
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Proposition 5.2.1. The functor T§$’>n is exact and left adjoint to the forget-
ful functor from BunXFF(GK)(ﬁg " to Bunyrr(Gg)r. Moreover, we have the
following properties.

1. Let & be a Gg-equivariant de Rham vector bundle. The inclusion map
& — &1 is the universal morphism from & to the forgetful functor from
BuanF(GK)§£’>n to BuanF(GK)dR.

2. The composition of the functor Tﬁ%’”’ with the forgetful functor

£30,>n
BunXFF(GK)flg’M - BUHXFF(GK)§£’>H ﬂ——) BunXFF(GK)§£,>n

is isomorphic to the identity functor on BunXpF(GK)flg >,

Proof. All statements except the last follow from Proposition 5.1.3. The last
statement is a formal consequence of the adjunction property of r§$’>” and
the fully faithfulness of the forgetful functor (see [25, IV §3 Theorem 1]). i

5.3 Hodge-Tate and Harder-Narasimhan filtrations

Let n > 1 be an integer. Let V be a de Rham p-adic representation of Gg.
The vector bundle £(V) associated with Vis Gg-equivariant and de Rham,

and we denote its modification by 75" by

ELV) = (B, ®q, V. B ®q, V + Bz ®k Fil " Dgr(V), te(1)-

The inclusion map of £(V) in (V) induces a short exact sequence in
COhXFF(GK)
0->&WV)->EWV) > F(V) -0, (5.3.1)

with

BY, ®q, V + Bl ® Fil " Dyp(V)
ﬁ”(v)=(0, Lt R = )

B ®q, V
Lemma 5.3.1. The Harder—Narasimhan slopes of E% (V) are all > 0.

Proof. The short exact sequence (5.3.1) induces the cohomological exact
sequence

H'(XTF, (V) - H'(XTF, £,.(V)) - H'(XTF, F.(V)) —= 0. (5.3.2)

Since £(V) and #, (V) are semi-stable of slopes 0 and +oo respectively, the
groups H'(X™F, &(V)) and HY(XTF, % (V)) are trivial by Proposition 3.2.1.
Therefore, the exact sequence (5.3.2) forces the group H'(X™F, €, (V)) to
vanish, and the lemma follows from another application of Proposition 3.2.1.

[ |

Notation 5.3.2. We denote by
0> V,—> Vo>Vt

the short exact sequence of p-adic representations of Gx where V<0>" is
the maximal quotient representation of V' whose Hodge-Tate weights are
allin the set Z \ [1, n].

34



Lemma 5.3.3. There exists no non-trivial quotient of Vj ,, whose Hodge-Tate
weights allin Z \ [1, n].

Proof. Let Ube a subrepresentation of 4 , such that the Hodge-Tate weights
of 1 ,/Uare allin Z \ [1, n]. Then there is a short exact sequence of p-adic
representation of Gy

0= ¥ ,/U—V/U— V=021 0.

By Proposition 3.6.3, the representation V/U and its Hodge-Tate weights
are allin Z \ [1, n]. By maximality of V=%>", we then have U = ,. &

By Theorem 3.4.2, the short exact sequence of de Rham representations
0= Vo= V-V
induces a short exact sequence in Bunyrr(Gg)qr
0= EVpn) = EV) = E(V=0>T) - 0,

L <o, i .
which in turns, by exactness of 75" from Proposition 5.2.1, induces a

. <
short exact sequence in BunXFF(GK)CT}g >n

0 = E1(1h ) = ELV) = ELV=0>N) = 0,
Proposition 5.3.4. The short exact sequence
0 EL(3,0) = EXV) = ELVEOT) = 0
is the first step of the Harder—Narasimhan filtration of EX(V') with
81(V§0’>n) — S(Vso,>n)
semistable of slope 0.

Proof. The statement is proved similarly to [29, Proposition 2.3.5 and Corol-
lary 2.3.6]. By Lemma 5.3.1, the Harder-Narasimhan slopes of each vector
bundle in the short exact sequences are all > 0. Moreover, since the Hodge-
Tate weights of V=<9>" are all in Z \ [1, n], by Proposition 5.2.1, we have
EN(V=0>ny = g(V<0->1) which is semistable of slope 0. By uniqueness
of the Harder-Narasimhan filtration, it remains to prove that the Harder-
Narasimhan slopes of £1(14 ,,) are all > 0.

Assume that 0 is a Harder-Narasimhan slope of £€%(13 ,,), and let J( be
the first step of the Harder-Narasimhan filtration of €}(14 ), that is, the
vector bundle J( is semistable of slope 0 and there exists a surjective map

f i L) = 3 0.

By Remark 3.2.2, the vector bundle  and the map f are Gg-equivariant.
Since H is semistable of slope 0, there exists a p-adic representation W of
Gk such that H = &(W) by Theorem 3.4.2. Moreover, by Proposition 3.6.3,
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the surjection f implies that 7, and thus W, is de Rham with Hodge-Tate
weights all in Z \ [1, n]. Therefore, we have

f € Hom <0,>n(EX(Vp ), H) = HomBuanF(GK)dR(S(%’n), F0)

Bunyrr(Gr)ar

= HomRepr(GK)(‘{),n, W),

where the first isomorphism follows from the adjunction from Proposi-
tion 5.2.1, the second from the equivalence from Theorem 3.4.2.
By Lemma 5.3.3 and Proposition 3.6.3, the group HomRepQ Gcx)Vo,n W)
p

is trivial. In particular, the map f is trivial, which contradicts the assumption
that 0 is a Harder-Narasimhan slope of £} (V5 ,,). |

6 Bloch-Kato groups over perfectoid fields

6.1 The Bloch-Kato groups

We recall the definition of the Bloch-Kato groups [3, §3], and we define a
filtration on the exponential Bloch-Kato groups induced by the filtration of
Bgr-

Let V' be a p-adic representation of Gg. For each finite extension K’ of
K, the exponential, finite and geometric Bloch-Kato groups are respectively
defined by

Hy(K', V) =Ker (H'(K', V) — H'(K', B, ®q, V),
H}(K', V) =Ker (H'(K', V) - H'(K', By ®q, V),
Hy(K', V) =Ker (H'(K', V) - H'(K', Bz ®q, V)) -

Recall that the filtration of By induces a filtration on B.. We define a
filtration on the exponential Bloch-Kato groups as follows.

Definition 6.1.1. For each n € Z, we set

Ker(HY(X',V) - H(X,Fil" B V)) ifn<o,
Fil"HY(K',V) = (H'(K", V) = H'( - ®q, V) s
0 ifn>0.

Let T be a Gg-stable lattice in V. The short exact sequence of topological
Gg-modules
0-T—->V->V/T->0

induces an exact sequence
(K, T) S HEK, V) & 1®, v,

For * € {e, f, g}, the Bloch-Kato subgroups of H'(K’, T) and H'(K’, V/T)
are respectively defined by

HL(K', T) =a~" (HL(K', V),
HL(K',V/IT) =p (Hi(K',V)).
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Moreover, the exponential Bloch—Kato groups are equipped with the induced
filtrations

Fil" Hy(K', T) =a~ (Fil" Hy(K", V)),
Fil" Hy(K', V/T) =B (Fil" Hy(K', V)).

Let L be an algebraic extension of K. Recall that there is a natural iso-

morphism
HYL,V/T) = lim HYK',V/T),
res, K’

where K’ runs over all the finite extensions of K contained in L, and the
transition morphisms are the restriction maps [32, I §2.2 Proposition 8]. For
each * € {e, f, g}, the groups HL(K’, V/T) and the filtration Fil" Hy(K', V/T)
are compatible under the restriction maps, and the Bloch-Kato subgroups
of HY(L, V/T) are then defined by

HY(L, V/T) = lim HL(K', V/T),
res,K’
Fil"H)(L,V/T) = lim Fil" H)(K', V/T),
res,K’
where K’ runs over all the finite extensions of K contained in L, and the
transition morphisms are the restriction maps.

6.2 Universal norms

Let V' be a p-adic representation of Gg. Let T be a Gg-stable lattice in V. Let
L be an algebraic extension of K. _

For i € N, the i-th Iwasawa cohomology group H}, (K, L, T) of the exten-
sion L/K with coefficients in T is defined by

Hi(K.L,T) = lim H'(K',T),
cores,K’

where K’ runs over all the finite extensions of K contained in L, and the
transition morphisms are the corestriction maps.

For each € {e, f, g}, the Bloch-Kato groups HL(K’, T) are compatible
under the corestriction maps. The modules of x-universal norms associated
with T in the extension L/K are defined by

Hio(K,LT) = lim HL(K',T),

cores, K’

where K’ runs over all the finite extensions of K contained in L, and the
transition morphisms are the corestriction maps.

Let V*(1) = Home(V, Q,(1)) be the Tate dual representation of V, and
let T*(1) = Homzp(T, Z,(1)) be the Gg-stable lattice in V*(1) Tate dual of
T. Recall that local Tate duality [32], for each finite extension K’ of K,

H'(K', V*(1)/T*(1)) x H(K', T) -» H*(K', Q,(1)/Z,(1)) = Q,/Z,
induces a perfect pairing

H'(L, V*(1)/T*(1)) X Hy(K, L, T) = Qp/Z,,.
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Proposition 6.2.1 (Bloch-Kato). If V is de Rham, then, under local Tate
duality,

1. the orthogonal complement of Hi(L, V*(1)/T*(1)) is Hllw’g(K, L,T),
2. the orthogonal complement of H}(L, V*(1)/T*(1)) is Hllw,f(K, L,T),

3. the orthogonal complement of Hé(L, V*()/T*(1)) is Hllw’e(K, L, T).

6.3 Comparison of the Bloch-Kato groups

Let V' be a p-adic representation of Gy, and let T be a Gg-stable lattice in V.
For each finite extension K’ of K, let

Dcris,K’(V) = HO(K/’ Bcris ®QP V)

Recall that D ;s ¢/ (V) is a finite dimensional Kj-vector space equipped with
a map ¢ semilinear with respect to the absolute Frobenius on K, (see [17,
§5.1]). For i € Z, we set the finite dimensional Q,-vector space

Dcris,K/(V)¢:pl = {x € Dcris,K/(V)’ go(x) = Pi . X}.

Proposition 6.3.1. Leti € Z. The dimension of the Q,-vector space D ;g K/(V)¢=Pi
is bounded independently of K'.

Proof. Let
Dpcris(V) = h_n)l HO(K/’ Beris ®Qp V),

res, K’
where K’ runs over all the finite extensions of K, and the transition morph-
isms are the restriction maps. Then Dy,;5(V) is a finite dimensional discrete
(@, Gg)-module over Q, that is, Dp,;s(V) is a finite dimensional Q}'-vec-
tor space equipped with a map ¢ semilinear with respect to the absolute
Frobenius on Qp" and a discrete action of Gx commuting with ¢ (see [17,
§5.6]). We set R X

Dpcris(V) = Qgr ®QL‘,lr Dpcris(v)'

Then (see [17, Remarque 4.4.10]), ]A)pms(V) isa finite dimensional (¢, Gk )-mod-
ule over Q;‘,r, and for each finite extension K’ of K, we have

Dcris,K’(V) = Dpcris(V)GK’ = ﬁpcris(V)GK,'
Hence, since the action of Gg and ¢ commute, we have
Dcris,K’(V)gozpi = (ﬁpCris(V)qo:pi)GK,'

By the Dieudonné-Manin theorem [12, IV §4], there is an isomorphism of
¢-modules over Q3

ﬁpcris(v) = @E(U)®muy
veQ
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where E(v) runs over the simple objects in the category of the g-modules
over Qgr, that is, if v = s/r with s,r € N, r > 0, and (r,s) = 1, then
E(v) = Q¥ ®q, QITI/(T" — p*) on which ¢ acts by multiplication by T
semilinear with respect to the absolute Frobenius on Q. We then have

ﬁpcris(v)qc’:pl = (E(i)(p:pl )®mi ’

and E(i)<"=Pi is a finite dimensional Q,-vector space [12,1V §2 and §3]. §

Proposition 6.3.2 (Bloch-Kato). Let K’ be a finite extension of K. If V'is de
Rham, then we have
dimg, Hy(K', V)/ He(K', V) = dimg, Deyis x/ (V)?,
1

dimg, Hy(K',V)/ Hy(K', V) = dimg, Deyis x/ (V)PP

Proof. Bloch and Kato [3, Corollary 3.8.4] have proved that there exists an
isomorphism of Q,-vector spaces

H(K',V)/ He(K', V) 2 D g (V)/(1 = ) Deyig g (V),

which implies the first statement. By the duality from Proposition 6.2.1, the
first statement yields

dimg, Hy(K',V)/Hy(K', V) = dimg, HE(K', V*(1))/ Ho(K', V*(1))
= dimg, Doy (V* (D),
and the duality of p-modules [17, §5.1]
Deyis, k' (V) @ Deris,x(V*(1)) 2 Deyis k1 (Qp(1)),
implies the equality
dimg, Desis.x(V*(1))?=! = dimg, Dei g/ (V)PP
|

Proposition 6.3.3. Let L be an algebraic extension of K. If V'is de Rham, then
the Pontryagin dual of the quotient

Hg(L, V/T)/ Hy(L, V/T)
is a free Z,-module of finite rank bounded independently of L.

Proof. By Proposition 6.2.1, the Pontryagin dual of the discrete Z,-module
Hy(L, V/T)/ He(L,V/T)
is the compact Z,,-module

Hiy o (K, L, T*(1))/ Hiy, o(K, L, T*(1)).
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By definition, there exists an injective map

0 — Hiyg(K, L, T*(1))/ Hiwo(K, L, T*(1)) = lim  Hg(K', V*(1))/ He(K', V¥(1),
cores,K’

(6.3.1)
where K’ runs over all the finite extensions of K contained in L, and the
transition morphisms are the corestriction maps.

By Proposition 6.3.1 and Proposition 6.3.2, the dimension of the Q,-vec-

tor space H}g(K ', V*(1))/ HL(K’, V*(1)) is bounded independently of K’. There-
fore, the Qp-vector space l(ln H;(K’, V*(1))/ Hy(K', V*(1)) is finite dimen-
sional, and we conclude using the map (6.3.1). |

6.4 Universal extensions and groups of points

We recall the definition and properties of universal objects in C(Gg) and
of the groups of points both associated with a p-adic representation by
Fontaine [18, §8].

Let V' be a p-adic representation of Gg. The tangent space ¢, associated
with V'is the K-vector space

ty = ((Bar/Bgr) ®q, V)Ok,

which is equipped with the filtration by K-vector subspaces

Fil" ) = {((Fil" Bar/Bj) ®q, V)°k Tf n<o
ifn>o0.
If Vis de Rham, then they are isomorphisms
Dar(V)/ Fil° Dgr(V) = ty,,
and, for eachn € N,
Fil ™" Dyp(V)/ Fil° Dgg(V) = Fil " t,.
We set
t(Qp) = (Bur/Bir) ®q, Vs
Fil ™" t(Qp) = ((FiI”" Bar/Biy) ®q, V)s-

Let £,(Q,) be the topological closure of the image of t,(Q),) in (B4r/B{fy) ®q, V-
and, for each n € N, let Fil™" fV(Qp) be the topological closure of the image
of Fil ™" t;(Q,) in (Fil™" Byr/BZg) ®q, V-

Let t(B}R) = t Qg Bli, and, for each n € N, let Fil™" (B} =
Fil™" t;, ®x BX;. Note that there are natural morphisms of B};-modules by
extension of scalars

ty(Bir) ~ (Bar/Bgp) ®q, V
and, for each n € N,

Fil ™" t/(Bjy) — (Fil ™" Bgr/Bj) ®q, V-
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A trivial torsion B} -representation of Gk (respectively a trivial B,,-repres-

entation of Gy ) is a torsion B, -representation of G isomorphic to @ieN B?mi
(respectively @ie[l nl B?Bmi), for some integers m;.

Proposition 6.4.1. The modules associated with the tangent space of V satisfy
the following properties.

1. (a) There is an isomorphism of discrete Gg-modules
tV(Qp) =ty Qk Qp

(b) The module fV(Qp) is the maximal trivial torsion B, -subrepres-
entation of (Bgr/B;) ®q, V.

(¢c) There is an isomorphism of torsion B, -representations of Gg
1AQp) = Im (ty(Bfy) — (Bur/Bjx) ®q, V)
(d) If Vis de Rham, then there exists an isomorphism of B} -repres-
entations of Gg
~ = em(V
tV(Qp) = @Bi il )’
ieN
where m;(V) is the multiplicity of i as a Hodge-Tate weight of V.
2. (a) There is an isomorphism of discrete Gx-modules
Fil ™" 1(Qp) = Fil "ty ®x Qp
(b) The module Fil™" £,Q,) is the maximal trivial torsion B,-subrep-
resentation of (Fil™" Byr/Bi) ®q, V-

(¢c) There is an isomorphism of torsion B, -representations of Gk
Fil ™" £,(Qp) = Im (Fil ™" ty(Bf) — (Fil " Byr/By) ®q, V)-

(d) If Vis de Rham, then there exists an isomorphism of BJ-repres-
entations of Gg

Fil™"£,(Q,) = @ B,
ie[1,n]
where m;(V) is the multiplicity of i as a Hodge-Tate weight of V.

Proof. The first three points in both cases are due to Fontaine [18, Proposi-
tion 8.1]. For last points under the assumption that V' is de Rham, the state-
ment for £,(Q,) is [29, Corollary 3.3.4], while the statement for Fil" £,(Q,)
is proved similarly. |

41



We fix an integer n > 1. We set E,(V) = B, ®q, V, and E,(V) =

Fil™" B, ®q, V- The tensor product of V with the fundamental exact se-
quences (2.2.2) and (2.2.3) yields a commutative diagram with exact rows

0 —— V —— E(V) —— (Bu/Bf) ®q, V —— 0

| r

0 — V —— E (V) — (Fil"" Bgr/BfR) ®q,V — 0.

(6.4.1)

Let E, (V) be the reciprocal image of £,(Q,) in E(V), and let E}(V) be

the reciprocal image of Fil ™" fV(Qp) in E,(V). The diagram (6.4.1) induces
a commutative diagram with exact rows

0 —— V — By (V) — (@) —— 0

” T T (6.4.2)

0 — V —— E}NV) — Fil""{)(Q,) — 0.

Proposition 6.4.2 (Fontaine). The topological Gx-modules E, (V) and ER(V)
are almost Cy-representations of Gg. Moreover, they satisfy the following
universal properties.

1. The almost Cp-representation E, (V) is the universal extension of V by a
trivial torsion BJy-representation in B(Gg).

2. The almost C,-representation E (V) is the universal extension of V by a
trivial B, -representation in B(Gk).

Lemma 6.4.3. Assume that Vis de Rham.

1. If the Hodge-Tate weights of V are all < 0, then
V =EXV)=E. (V).
2. If the Hodge-Tate weights of V are all < n, then
EX(V) = E,(V).

Proof. Both statements follow from Proposition 6.4.1. |

Proposition 6.4.4. If Vis de Rham, then there exists an isomorphism of short
exact sequences of almost C,-representations of Gk

0 1% E}(V) ——— FiI"{(Q,) —— 0

I | |

0 —— H(XTF, &(V)) — HOXFF, en(V)) —— HO(X'F,#(V)) — o.

42



Proof. The statement is proved similarly to [29, Proposition 3.3.1 and Lemma 3.3.2].
By Lemma 5.3.1, the Harder-Narasimhan slopes of the sheaves

0->&EV) > ENV)>FH(V)—>0

are all > 0. Thus, by Proposition 3.2.1, there exists a commutative diagram
of topological Gg-modules

0 v E(V) ——— (Ba/Bj) ®q, V —— 0

| I 1

0 —— H°(XTF, &(V)) — HO(XTF,en(V)) —— H°(XTF, #/(V)) —— o.

where the bottom rows is a short exact sequence of almost C,-representations
of Gk by Theorem 3.4.2. Since V is de Rham, there are isomorphisms of
torsion BJ-representations

Fil™" £(Qp) = Tm (Fil ™" ty(Bj) — (Bar/Bie) ®q, V)
= Im (Bl ®x (Fil " Dar(V)/ Fil’ Dgp(V)) = (Bar/Bi) ®q, V)
=~ Im (BgR ®x Fil ™" Dgr(V) N Bar ®q, V)
B ® Fil’ Dgr(V) Bir g, V
B} ®q, V + Bk ® Fil " Dgr(V)
Bl ®q, V
= HOX™, FA(V),

=

where the first isomorphism is from Proposition 6.4.1 and the last one from
Theorem 3.4.2. |

The combination of Proposition 6.4.4 and Proposition 5.3.4 yields the
following.

Corollary 6.4.5. If V is de Rham, then there is a natural isomorphism of
p-adic representation of G

ER(V)° = v<o>n,

Let T be a Gg-stable lattice in V. We set E,(V/T) = E,(V)/T and
EX}(V/T) = E}(V)/T, and thus the diagram (6.4.2) induces a commutat-
ive diagram of topological Gx-modules with exact rows

0 V/T E.(VIT) —— fV(Qp) — 0

“ T T (6.4.3)

0 — V/T — EXV/T) — Fil"{(Q,) — 0.

We set Es(V/T) = (E.(V/T))s and E5(V/T) = (E¥(V/T))s, and thus, by
Lemma 4.2.2, the diagram (6.4.3) induces a commutative diagram of discrete
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Gg-modules with exact rows

0 —— V/T —— E(VIT) —— ty(Q,) —— 0

H T T (6.4.4)

0 — V/T — E}(V/T) — Fil"t,(Qp) —— 0

Remark 6.4.6. Fontaine has defined the group of points Eg;.(V/T) associated
with V/T as the image of Es(V/T) in E,(V/T). As in the article [29], we use
different notation to highlight the different topologies: E5(V/T) is a discrete
Gg-module, while E4;.(V/T) is endowed with the subspace topology from
E.(VIT).

Proposition 6.4.7. Let L be an algebraic extension of K. The commutative
diagram of discrete Gg-modules (6.4.4) induces a commutative diagram whose
rows are exact

0 —— H.(L,V/T) —— H'(L,V/T) —— H'(L,E5(V/T)) —— 0

T | T

0 — Fil™"HL(L,V/T) — H'L,V/T) — HYL,EX(V/T)) — 0
Proof. The statement for E5(V/T) is [29, Proposition 3.2.1], while the state-
ment for E5(V/T) is proved similarly. If K’ is a finite extension of K, then

the cohomology of K’ of the diagram

0 — V —— E,(V) — (Fil™" Bg/B) ®q,V——10

| w

0 — V— E{V) —— Fil"{){Q,) ———— 0

induces the commutative diagram with exact rows

0 V Ok Fil ™" Dys (V)= —— Fil " t(K') —— HY(K',V)
1 || lI
0 VCx’ E?(V)%k" ———— Fil " (k') — H'(K',V).

Hence, by definition of Fil™" HY(K’, V), there is an exact sequence
0 — VOk' = E(V)%" = Fil " t)(K’) = Fil " HY(K',V) = 0. (6.4.5)

The commutative diagram

0 1% E}(V) —— FilT"{/(Q,) —— 0
0 VIT EXV/T) — Fil™"ii(Q,) —— 0
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induces the commutative diagram with exact rows

0 —— VO ——— ENV)O —— Fil " (K') —— H'(K',V)

l l || l

0 — (V/T)°" —— ENV/T)°k" —— Fil ™" t)(K') —— HK',V/T).
(6.4.6)
Hence, by definition of Fil™" Hé(K’, V/T), the exact sequence (6.4.5), and
the commutativity of the diagram (6.4.6), there is an exact sequence

0 — (V/T)%x" - EM(V/T)®k" - Fil " t)(K’) — Fil " HL(K',V/T) = 0.
(6.4.7)
Therefore, by the exact sequence (6.4.7), the short exact sequence of discrete
Gg-modules

0— V/T - E}(V/T) - Fil"" t,(Qp) = 0
induces a short exact sequence
0 — Fil™"Hy(K',V/T) -» H'(K', V/T) - H'(K', EX(V/T)) — 0. (6.4.8)

By definition of Fil™" H.(L, V/T) and by continuity of Galois cohomology
with coefficients in discrete modules [32, I §2.2 Proposition 8], the limit of
the short exact sequences (6.4.8) over the finite extensions K’ of K contained
in L with transition morphisms the restriction maps yields

0 — Fil ™" Hy(L,V/T) - H'(L,V/T) - H'(L,EX(V/T)) - 0.
[

The combination of Proposition 6.4.7 and Lemma 6.4.3 yields the follow-
ing.

Corollary 6.4.8. Let L be an algebraic extension of K. Assume that V is de
Rham.

1. If the Hodge-Tate weights of V are all < 0, then

HY(L,V/T) = 0.

2. If the Hodge-Tate weights of V are all < n, then

Fil™"HL(L,V/T) = HX(L, V/T).

6.5 Bloch-Kato groups and Galois theory of B};

Let V' be a p-adic representation of Gg. Let L be an algebraic extension of K.

If Vis de Rham and if n > 1 is an integer, then we denote by T<%>" the
image of T'in V<%>"_and the quotient map V/T — V<0>1/T<0>" induces
a morphism

o ¢ H'(L, V/T) » HY(L, V=0>n/T<0>m),

45



Note that if the Hodge—Tate weights of V are all < n, then the representation
V=0>1 is the maximal quotient representation of ¥V whose Hodge-Tate
weights are all < 0, and we then simply denote the representation V<0->"
by V=0, the lattice T<%>" by T=<°, and the map 7, , by

7o : H'(L,V/T) - H(L, V=0/T=0),

Theorem 6.5.1. Letn > 1bean integer. If Vis de Rham and if L is a perfectoid
field such that L is dense in BSL, then the map 7, ,, induces an isomorphism
HY(L,V/T)/Fil " HX(L, V/T) = H(L, v=0>1/T<0>n),

Proof. By Proposition 6.4.7, there is an isomorphism

H'(L, V/T)/ Fil " Hy(L, V/T) = H'(L, E3(V/T)).

Since L is dense in BSL, by Proposition 6.4.1, (Fil™" tV(Qp))GL is dense in
(Fil™" fV(Qp))GL. Therefore, by Corollary 4.2.5 and Corollary 6.4.5, there are
isomorphisms
H'(L,E3(V/T)) = H'(L, E}(V/T)) = H'(L, V<0>1/TS0>1n),
| |

Corollary 6.5.2. Let n > 1 be an integer. Assume that V'is de Rham and that
L is a perfectoid field such that L is dense in BSL.

1. If the quotient representation V<0>" is trivial, then

HM(L,V/T) =HYL,V/T).

2. If the Hodge-Tate weights of V are all < n, then the map 7, induces an
isomorphism

HY(L,V/T)/HX(L,V/T) = HY(L, v=0/T=<9)

Proof. The first statement follows immediately from Theorem 6.5.1. The
second statement follows from Theorem 6.5.1 and Corollary 6.4.8. |
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